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Abstract
We propose a gauge theory of gravitation. The gauge potential
is a connection of the Super SL(2,C) group. A MacDowell-Mansouri
type of action is proposed where the action is quadratic in the Su-
per SL(2,C) curvature and depends purely on gauge connection. By
breaking the symmetry of the Super SL(2,C) topological gauge theory
to SL(2,C), a spinor metric is naturally defined. With an auxiliary
anti-commuting spinor field, the theory is reduced to general rela-
tivity. The Hamiltonian variables are related to the ones given by
Ashtekar. The auxiliary spinor field plays the role of Witten spinor in
the positive energy proof for gravitation.
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It was Einstein’s great insight that gravity is a manifestation of space-
time curvature. In Riemannian geometry, a space-time with curvature is
described by the metric and Einstein therefore used it to describe gravity.
The prime principle of theoretical physics is, however, to begin with the
action. It gives consistent interacting field equations with the desired con-
served quantities. Moreover all other basic interactions have a variational
foundation. An obvious candidate for the gravitational variables for the
action is the metric (or the tetrad). However, nature may prefer other candi-
dates. In view of the success of gauge theory, the question of whether gravity
can be written in terms of a pure connection theory has been addressed [1].
Important progress was made with the Ashtekar’s New Variables [2], in
which a self-dual connection is the basic Hamiltonian variable. The momen-
tum conjugate to the self-dual connection is the “triad” made from a self-dual
2-form. Cappovilla, Dell and Jacobson then proposed a purely connection
action for the New Variables [3].
Recently, a quadratic spinor Lagrangian for general relativity was pro-
posed, where a Dirac spinor 1-form field [4] (or two 2-component spinor
1-form fields [5]) was considered as the variational variable. (Another 2-form
version of the Lagrangian was also discovered by Robinson [6]). The space-
time metric is represented by a quadratic combination of the spinor 1-form
field. This provides a succinct representation for general relativity, and pro-
vides a way to represent the gravitational energy-momentum [4]. With a
reality condition satisfied, the quadratic spinor Lagrangian is equivalent to
the teleparallel Lagrangian for general relativity [7]. Robinson discussed the
theory using a Lie algebra [8].
As the variable has half helicity, one may ask if it can be an anti-commuting
field. Jacobson suggested using a single anti-commuting spinor 1-form [9];
Robinson provided a formulation with two anti-commuting spinor 1-forms
[6]. Recently we learned that another similar anti-commuting approach was
used long ago in the context of supergravity [10].
The purpose of this letter is to propose a gauge theory along these lines.
We start from a gauge theory of the Super SL(2,C) group, giving a topolog-
ical gauge theory of the MacDowell-Mansouri type. By breaking this super-
symmetry into the SL(2,C) symmetry, we get two equivalent chiral actions.
We show that, up to a nilpotent metric, the theory is equivalent to general
relativity.
Let us start with a Super SL(2,C) algebra (with three SL(2,C) generators
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M00,M01 = M10,M11 and two supersymmetric generators Q0, Q1):
[MAB,MCD] = ǫC(AMB)D + ǫD(AMB)C , (1)
[MAB, QC ] = ǫC(AQB), (2)
{QA, QB} = 2MAB, (3)
where ǫC(AMB)D =
1
2
(ǫCAMBD + ǫCBMAD) and ǫC(AQB) =
1
2
(ǫCAQB +
ǫCBQA).
The upper-case Latin letters A,B, ... = 0, 1 denote two component spinor
indices, which are raised and lowered with the constant symplectic spinors
ǫAB = −ǫBA together with its inverse and their conjugates according to the
conventions ǫ01 = ǫ
01 = +1, λA := ǫABλB, µB := µ
AǫAB [11]. Lowercase
Latin letters p, q, ... denote the Super SL(2,C) group indices, a, b, c, ... =
0, 1, 2, 3 denote the SO(3,1) indices .
The Super SL(2,C) group is isomorphic to the complex extension of
OSp(1,2). It is a simple super Lie group and has a nondegenerate Killing
form [12]. The Cartan-Killing metric ηpq = diag(η(AB)(MN), ηAB) is given by
η(AB)(MN) =
1
2
(ǫAMǫBN + ǫAN ǫBM ), (4)
ηAB = −2ǫAB. (5)
To gauge this Super SL(2,C) group, we associate to each generator Tp =
{MAB, QA} a 1-form field A
p = {ωAB, ϕA}, and form a super Lie algebra
valued connection 1-form,
A = ApTp = ω
ABMAB + ϕ
AQA, (6)
where ωAB is the SL(2,C) connection 1-form and ϕA is an anti-commuting
spinor valued 1-form. (We shall use D for the Super SL(2,C) covariant deriva-
tive and D for the SL(2,C) covariant derivative.)
The curvature is given by F = dA+ 1
2
[A,A] = dA + 1
2
Ap ∧ Aq ⊗ [Tp, Tq].
Given the Super SL(2,C) connection A defined in equation (6), the curvature
(F = F (M)ABMAB + F (Q)
AQA) contains a bosonic part associated with
MAB,
F (M)AB = dωAB + ωAC ∧ ωC
B + ϕA ∧ ϕB; (7)
and a fermionic part associated with QA ,
F (Q)A = dϕA + ωAB ∧ ϕB. (8)
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A simple spinor action, quadratic in the curvature, using this Super
SL(2,C) connection A is
ST[A
p] =
∫
F p ∧ F q ηpq
=
∫
F (M)AB ∧ F (M)AB
+2F (Q)A ∧ F (Q)A, (9)
where ηpq is the Cartan-Killing metric of the Super SL(2,C) group, Dηpq =
0. However, this action is a total differential. Hence, similar to the work
of MacDowell and Mansouri [13], we need to choose another spinor action
which is SL(2,C) invariant, thus breaking the topological field theory of the
Super SL(2,C) symmetry into an SL(2,C) symmetry. Let us choose ipq =
diag(i(AB)(MN), iAB) such that
i(AB)(MN) =
1
2
(ǫAM ǫBN + ǫANǫBM ) , (10)
iAB = 0. (11)
The new spinor action is
S[Ap] =
∫
F p ∧ F q ipq
=
∫
F (M)AB ∧ F (M)AB. (12)
In terms of the SL(2,C) curvature RAB = dωAB + ωAC ∧ ωC
B, the spinor
action S[Ap] is
S[ωAB, ϕA] =
∫
RAB ∧RAB + 2RAB ∧ ϕ
A ∧ ϕB. (13)
Note that, due to SL(2,C) Bianchi identity, the first term is purely topolog-
ical, while the second term gives the dynamics. (The ϕ4-term vanishes.) In
the following discussion we consider only the dynamical term.
The field equations are obtained by varying the Lagrangian with respect
to the gauge potentials—the Super SL(2,C) connection. With these gauge
potentials fixed at the boundary, the field equations are
RAB ∧ ϕB = 0 (DF (Q)
A = 0), (14)
D(RAB + ϕA ∧ ϕB) = 0 (DF (Q)AB = 0), (15)
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where, becuase of the SL(2,C) Bianchi identidy (DRAB = 0), the second field
equation (15) is reduced to D(ϕA ∧ ϕB) = 0.
Another choice of the spinor action which is SL(2,C) invariant is that
i′pq = diag(i
′
(AB)(MN), i
′
AB) where
i′(AB)(MN) = 0, (16)
i′AB = −2ǫAB, (17)
then the new spinor action is
S ′[Ap] =
∫
F p ∧ F q i′pq
=
∫
2F (Q)A ∧ F (Q)A
=
∫
2DϕA ∧DϕA. (18)
This action differs from the previous one by a total differential, a surface
term:
S = −S ′ +
∮
2DϕA ∧ ϕA. (19)
Thus they give the same field equations.
In order to make a connection between the internal space of the Super
SL(2,C) group with the structures on the four-manifold, we follow a con-
struction in Kerrick [14]: we observe that although Dηpq = 0, Dipq does not
vanish, thereby providing a soldering form from the tangent space of the
four-manifold to the internal space of Super SL(2,C).
Therefore, when we break the symmetry from a Super SL(2,C) topolog-
ical field theory ST[A
p] into an SL(2,C) invariant S[Ap] , a spinor metric is
naturally defined. Using the fact that
Dipq = C
m
pnA
nimq, (20)
and Dηpq = 0, the spinor metric G is defined by
G = ηpmηqnDipq ⊗Dimn = ǫABϕ
A ⊗ ϕB. (21)
Because Dηpq = Dipq +Di
′
pq = 0, the same metric is defined when we choose
the action S ′ with ipq replaced by i
′
pq.
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For non-degenerate solutions (ϕ0∧ϕ1∧ϕ0
′
∧ϕ1
′
6= 0) in which ϕ0, ϕ1 and
their complex conjugates ϕ0
′
, ϕ1
′
are linear independent, the 2-form ϕA ∧ϕB
and their complex conjugates ϕA
′
∧ ϕB
′
form a basis for the six-dimensional
space of 2-form. We can form a 1-1 map such that:
ϕ0 ∧ ϕ0 7→ θ00
′
∧ θ01
′
, (22)
ϕ0 ∧ ϕ1 7→ 1
2
(θ00
′
∧ θ11
′
− θ01
′
∧ θ10
′
), (23)
ϕ1 ∧ ϕ1 7→ θ10
′
∧ θ11
′
, (24)
and their complex conjugates
ϕ0
′
∧ ϕ0
′
7→ θ00
′
∧ θ10
′
, (25)
ϕ0
′
∧ ϕ1
′
7→ 1
2
(θ00
′
∧ θ11
′
+ θ01
′
∧ θ10
′
), (26)
ϕ1
′
∧ ϕ1
′
7→ θ01
′
∧ θ11
′
. (27)
This can be established by introducing an anti-commuting spinor field ξA
′
such that κ¯ = ǫA′B′ξ
A′ξB
′
is a nilpotent constant. (This can be constructed in
terms of an anti-commuting dyad where ξ0
′
= o0
′
, ξ1
′
= ι1
′
are odd constant
spinors. They are spin basis with oA
′
oA′ = ι
A′ιA′ = 0, ι
0′ = o1
′
= 0, oA′ι
A′ =
2o0
′
ι1
′
= κ¯, where κ¯ is a nilpotent constant even element of the Grassmann
algebra, see also Robinson[6].)
Now we relate the field ϕA to the tetrad field θAA
′
by θAA
′
= ϕAξA
′
, thus
κ¯ ϕA ∧ ϕB = θ(AA
′
∧ θB)A′. (28)
The spacetime metric is then defined by multiplying the spinor metric (21)
by a nilpotent constant κ¯,
g = κ¯⊗ G = ǫABǫA′B′θ
AA′ ⊗ θBB
′
, (29)
which is the usual tetrad expression for spacetime metric.
Multiplying the spinor action (13) by κ¯, we get
S[Ap, κ¯] = κ¯S[Ap]
=
∫
2RAB ∧ θ
AA′ ∧ θBA′, (30)
the usual chiral action for general relativity .
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By varying the action S with respect to θAA
′
= ϕAξA
′
, we obtained the
chiral Einstein equation,
RAB ∧ ϕBξB′ = R
AB ∧ θBB′ = 0. (31)
Varying ωAB, we obtained
κ¯D(ϕA ∧ ϕB) = D(θ(AC
′
∧ θB)C′) = 0, (32)
which is the torsion free equation.
If we start with the action S ′, and multiply the spinor action by κ¯, by
using (19), we get
S ′[Ap, κ¯] = κ¯S ′[Ap]
=
∫
κ¯
(
−2RAB ∧ ϕ
A ∧ ϕB + d(2DϕA ∧ ϕA)
)
=
∫
−2RAB ∧ θ
AA′ ∧ θBA′ + d(2κ¯Dθ
AA′ ∧ θAA′), (33)
where we used dκ¯ = 0. It reduces to the same action as S up to a sign and
a total differential, and thus gives the same field equations.
The Hamiltonian can be constructed from either the action (13) or (18)
by making a space-time decomposition
S = κ¯
∫
dt
∫
d3x A˙piπ
i
p −H. (34)
For the action (13), the canonical momentum are:
πiA = 0, πiAB = ǫijkϕAj ϕ
B
k . (35)
This yields the Hamiltonian density
H = ωAB0 HAB + ϕ
A
0HA, (36)
where
HAB = Diπ
i
AB = 0, (37)
and
HA = ǫ
ijkRijABϕ
B
k = 0, (38)
are the constraints.
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The canonical variables are related to the ones used in Ashtekar [2] by
σ˜iMN = κ¯πiMN = κ¯ǫijkϕMj ϕ
N
k , (39)
qij = κ¯ǫABϕ
A
i ϕ
B
j , (40)
where σ˜iMN is a densitized triad and qij is the 3 metric.
For the action (18), the canonical momentum are:
πiA = ǫijkDjϕ
A
k , π
iAB = 0, (41)
yielding a Hamiltonian density
H′ = ωAB0 H
′
AB + ϕ
A
0H
′
A + ∂i(ϕ
A
0 π
i
A), (42)
where
H′AB = ϕiBπ
i
A = 0, (43)
and
H′A = Diπ
i
A = 0, (44)
are the constraints.
The Hamiltonian (42) differs from (36) by a total differential. It has
asymptotically flat fall off of O(1/r4), and the variation of the Hamiltonian
will have an O(1/r3) boundary term which vanishes asymptotically. There-
fore there is no need of adding a further boundary term for the Hamiltonian
(42) [15]. With the field equations satisfied, the Hamiltonian (42) reduces to
an exact differential. Integration yields an integral over a 2-surface
E = κ¯
∫
H′ |S= κ¯
∮
ϕA0DϕA, (45)
which determines the energy within a 2-surface.
This is comparable with the usual spinorial quasilocal energy construc-
tions
Ew =
∮
ξADξA′ ∧ θ
AA′, (46)
with θAA
′
= ϕAξA
′
, it reduces to
Ew = κ¯
∮
ξADϕA. (47)
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By choosing ϕA0 = ξ
A, the energy expression (45) is related to the Witten
expression Ew (47), while the spinors are now anti-commuting.
We can obtain a 4-component spinors formulation by introducing a Ma-
jorana spinor Ψ = (ϕA, ϕ
A′) in the Weyl representation, the spinor action
can be alternatively written as
SΨ[Ψ
α, ωab] =
∫
LΨ = 2
∫
DΨ ∧ γ5DΨ. (48)
The real SO(3,1) connection 1-form ωab = ωABǫA
′B′ + ωA
′B′ǫAB consists of
the unprimed self-dual connection and its conjugate.
In the Weyl representation, the covariant derivative of the Dirac spinor
1-forms is given by
DΨ = (DϕA DϕA′), DΨ =
(
DϕA
DϕA
′
)
, (49)
and γ5 := γ0γ1γ2γ3 = i diag(−1,−1, 1, 1). The Lagrangian in (48) can thus
be split into unprimed and primed parts:
LΨ = 2i Dϕ
A ∧DϕA − 2i Dϕ
A′ ∧DϕA′, (50)
where the second term is just the conjugate of the first term. The action SΨ
in (48) is therefore just the real part of the action S ′ in (18).
Now a key observation is that S[z] is a holomorphic function of z, where
z := (ϕA, ωAB). Therefore, just as for analytic functions of a finite number
of variables, the derivative δS[z]/δz vanishes if and only if the derivative of
the real (or imaginary) part of S[z] vanishes. Thus, as far as the equations of
motion are concerned, the action SΨ (48) is equivalent to the original chiral
action S.
In conclsion, we proposed a gauge theory for the anticommuting version of
the quadratic spinor Lagrangian for general relativity. The gauge potential
is a connection of the Super SL(2,C) group. The action is quadratic in
the Super SL(2,C) curvature and depends purely on gauge connection. By
breaking the symmetry of the Super SL(2,C) topological gauge theory to
SL(2,C), a spinor metric is given and is related to the spacetime metric.
In the Hamiltonian formulation, the canonical momentum πiAB conjugates
to the SL(2,C) connection ωABi is related to the triad in Ashtekar’s New
Variables. Because of the nature of using a Majorana spinor 1-form field,
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πiAB is allowed to be complex while keeping the right degrees of freedom.
The reality condition is replaced by a Majorana condition. This suggests
a question: “What are the local properties of gravitational field?” Among
other properties, this letter suggests that the Majorana property might be
one of the local properties for gravitation, which means that the resulting
particle is neutral so that it contains no charge.
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